Much of the literature on the structures of modules applies to those modules which possess a finite basis. The present paper is the development of a structure theory for particular infinite modules with countable bases. Generality of results is not as much the aim of the paper as is the application to problems concerning infinite matrices.
Much of the literature on the structures of modules applies to those modules which possess a finite basis. The present paper is the development of a structure theory for particular infinite modules with countable bases. Generality of results is not as much the aim of the paper as is the application to problems concerning infinite matrices.
For a commutative field P, S is assumed to be a universal P-moduIe which has a countable P-basis. A principal ideal ring Q which contains P is considered as an operator domain of S. Then the main topic studied is under what conditions submodules of S have proper ()-bases.
In the first place, a complete characterization is given for the proper <2-bases of any Q-submodule of S. This is represented as an infinite matrix, and is called the characteristic matrix of the submodule. The finite case is studied in the third section. The results obtained are comparable with those of Ingraham and Wolf [3] Q-) and Chevalley [l] . The principal theorem is that every (J-module which possesses a finite Q-basis has a proper Q-basis.
The concepts of primitivity-defined somewhat as Chevalley defines itand index play an important role in determining conditions for a Q-module to have a proper <2-basis. In order to find these conditions, the non-regular elements H of a are split from S. The resulting Q-module S/B is regular. Then necessary and sufficient conditions are found for both H and 'S/H to have a proper Q-basis.
If the operator domain of S be considered as Q/(m), m not a unit of Q, then in the fifth section it is seen that S possesses a proper Q/(w)-basis.
As an application of these results, S is taken to be the set of all vectors over P of order type co which are finitely nonzero. The total operator domain of S is a certain ring of infinite matrices, STJCo,. Then any element A of Ww can be transformed into a direct sum of finite matrices only if 2 has a proper P[A ]-basis.
The algebraic theory assumed herein can be found in almost any book on modern algebra-specific attention is called to MacDuffee [4] and Zassenhaus [5] .
1. Introduction. Let P denote a commutative field, and Q a principal ideal
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(*) The numbers in brackets refer to the bibliography at the end of the paper.
ring which contains P(*). The universal P-module (linear set over P) of all modules discussed below will be labelled by S. It is assumed to have Q as an operator domain. While E will in general have an infinite number of elements, yet only finite sums are ever considered. Small Greek letters will always denote elements of E, capital Greek letters will stand for subsets of E, and small Latin letters will be used for elements of Q.
For subsets Si, E2, • • • of E, E1VE2V • • • is used to denote the least P-module in S which contains all 2», while S1AE2A ■ ■ ■ denotes the set- For E2CE1, Ei -E2 is the set of all elements of Ei not in 2g.
The universal P-module E is said to have the P-basis (£1, The following axiom is assumed throughout the paper.
Fundamental
Axiom. The universal module E has a countable P-basis.
A consequence of this axiom (see Ingraham [2 ] ) is Theorem 1.1. Every P-submodule Ei of E has a proper P-basis. (2) As a particular instance of these concepts, we can consider P as the rational field and Q the ring P[x] of all polynomials in the indeterminate x with coefficients in P. The first part of §6 might well be read first to give one a concrete example of the sets Q and E.
An element a of Q is an annihilator of £ if a£ = 0. If ai and a2 are two annihilators of £, then b&i+btas is an annihilator of £ for any two elements b\ and o2 of Q. Thus the set of all annihilators of £ form an ideal. Since Q is by assumption a principal ideal ring, this ideal is principal of the form (h). As h divides all annihilators of £, it will be called a minimum annihilator of £. It is unique up to a unit factor. As an immediate consequence of this theorem, we have that for any Q-module HCH,
Any P-module Si is fundamentally an abelian group, so that the quotient group Si/S2 is well defined for any P-submodule S2 of Si, and is itself a P-module. Likewise, if Si and S2 are Q-modules with S2CSi, then Si/S2 is a C2-module.
If Hi is the set of all non-regular elements of the Q-module Si, then Si/-ffi has elements of the form (£4-i?i) (this should not be confused with the supplementary sum-it means the set of all elements of the form £+77, y(E.Hi) for ££Si.
Suppose a(£+/ii) = (Hi) for some element aEQ, £SESi-Hi. Then a£G77i so that a = 0. Thus Si/i/i is a regular Q-module. In order to show that nnt = n2u, consider the set p1~1HPl, which has the two proper (if we exclude the zero elements) Q-bases (p\~1ciji, p'i~1a]2, • ■ ■ ), j = l, 2. From the paragraph above, the number of nonzero elements annihilated by pi in each basis is the same. This number must be the number of qa divisible exactly by p\-so that Mn<=«2i(. We need only to show that «i0i = W201 to complete the proof. Let As Q can always be imbedded in a field, we can consider Dx and Z>2 as having elements in a field, so that »101 = «201-Thus the characteristic matrices of the two bases must be equal.
Consider If rx = cp\ • • • p\l, all ti>0 and c a unit, then let j\ be the minimum integer such that ßjt has minimum annihilator p\, and, in general, let j, be the minimum integer such that ß,-t has minimum annihilator p\\ Now define «i =/3)1+iö)'2+ ' ' ' +/3jt, so that oil has minimum annihilator rx. Discard ßiv ßh< " " • 1 ßik from the set (ßi, ß2, ■ • • ), and with the remaining set carry through a similar process for r2, obtaining a2. From Theorem 2.2, there will be precisely enough elements in the set (ßi, ß2, ■ • • ) to carry this process to completion, using all the r'?. We can use the same regular elements in the new basis as in the old one. This completes the proof. 3. The finite case. Before the general case is studied, it is necessary to consider those submodules of S which have finite Q-bases.
Lemma 3.1. // Hi has a finite Q-basis, and E1CS1, S2 a Q-module, then E2
has a finite Q-basis. The Q-basis for S2 can be chosen so as not to have more elements than the given Q-basis for St. We will prove that each Hi has a proper Q-basis, which will imply a proper Q-basis for St.
Denote by h the minimum integer such that p[1Hi=0. Then there exists an element rjid.Hi for which p\ is the minimum annihilator.
Recursively, if tk is the minimum integer such that p\kHx = Q mod Q[vu Vi> ' ' ' > ''fc-iL then there exists an element i7fc£ili which has p'f as minimum annihilator
Assume that the set (771, 772, • • • , Vk-i) is Q-linearly independent, and that PiVk^O. From above, we must have In case i(r], Si) = °°, it will be possible to find an a in (2) for which 5 exceeds any given number. Thus it must be possible to find an a for which one of the Sj exceeds any given number. This implies i(j)j, Si) = °° for some value j. Thus the theorem is seen to hold in all cases.
If rjdHp, p a prime, and 77 minimally annihilated The importance of the concepts of primitivity and index in connection with our problem is seen in the next theorem. Theorem 4.5. Let the Q-module E2 be primitive in the Q-module Si, and either SiCZHp for some prime p or Ei be regular. Then, for any element £ of Si -S2 such that i(£, Si/E2)=0 and £ has the same minimum annihilator mod S2 and mod 0, E2+C?£ is primitive in Si.
In the first place, if SiC-f^p, then £ will have some power of p, say p', as minimum annihilator.
By assumption, a£ = 0 mod E2 implies a£ = 0, so that the sum S2 + 0I is supplementary.
Let p' be the minimum annihilator mod (E2 + <2£) of an element 17GE1, with p'y^O mod S2. Thus p'rj =a£ mod E2 forsome aG<2> so thatt'(a£, S1/E2) ^s. Ha = bpr, (b, p) = 1, then i(a£, E1/E2) =r by Corollary 4.4. Thus s^r, so that p'(r\-pT~'b^) = Q mod S2. As S2 is primitive in Si, there must exist an element £1 of Si for which £s£i = 0 and 77-£r~*&£-|-£iGS2-This last can be written 77+£1GE2-r-<2£, which establishes the primitivity of E2-r-(?i; in Si.
In case Si is regular, let 77 be a nonzero element of Si for which av = 0 mod E2+(?£, a^O. This means that there exists an element 2>GQ such that at] = b^ mod S2. If (a, b) =d = ra-\-sb, b=db\, a=da\, then let ^ -r^+st].
We then see that a£2=d£ mod E2, or, because of the primitivity of S2 in Ei, £=fli£2 mod Sj. As i(£, S1/S2) =0, ai must be a unit of £) so that a\b and #7=afl77i£ mod E2. Thus ?7£S2+(?£ and the theorem is established. Now suppose Si is a (?-module, and ai/H has a proper Q-basis, Hi being the set of all non-regular elements of Si. Let this basis be (£i+.£zi, £2+^1» If Oi has prime factors, then j can be taken so large that q, has more than U prime factors, t = 1, 2, • • • , n. This is impossible, so that no regular element of Si can have infinite index. This establishes the theorem. It is always desirable to have the important properties of any set carry over to "admissible" subsets. In this case, the property of a module having a proper basis should carry over to submodules.
This was seen to be the case for P-modules in Theorem 1.1. That such is also the case for Q-modules is demonstrated in the next theorem. Theorem 4.11. // Ei has a proper Q-basis, then any Q-submodule E2 of Si also has a proper Q-basis. This is a consequence of Theorems 4.8 and 4.10. LetH,=HPlA a,;j = 1, 2, and assume H^Q. Then for any primitive set H3C.H2, H3 having a finite Q-basis, and any element riGH2, i(n, H2/H3) ^i(r), Hi/H3). Now, even though H3 need not be primitive in Hi, i(t], Hi/H3)< 00. Thus i(r], H2/H3)< 00 so that H2 has a proper Q-basis. A similar argument also shows that ^/HAEa has a proper Q-basis, so that E2 has a proper Q-basis by Theorem 4.6.
5. The modular case. The statement that Q is an operator domain of S carries with it the assumption that a£ = £>£ for all ££E implies a = b. We will now consider the case in which a£ = &£ for all £GS implies a = b mod h, h not a unit. This is equivalent to the statement that Q/(h) is an operator domain of S. Let R = Q/(h) and h=Y]}=ip\i, p{ primes of Q and fc^l, 2, • • • , /.
As above, PCP, and the Fundamental Axiom will still be assumed. If A is a prime, then R is a field and E is a regular P-module.
Otherwise, it is apparent that the minimum annihilators of the non-regular elements of E are divisors of h. In this case, if £ is regular, pi£ is non-regular, so that in view of Theorem 1.4 we have If R is a field, this follows from Theorem 1.1. Otherwise, the proof will be to show that HP1 has a proper P-basis, which will lead to a proper P-basis for S in view of (1). For simplification, let HP1 = H, ti = n, pi = p, and define Hi to be the maximum submodule of H annihilated by p', O^i^n, Ho = 0. In what is to follow, x will denote a commutative indeterminate over P, and P[x] will denote the polynomial domain in x over P. The P-module to be used as the 2 above is defined as follows: Definition 6.1. 2 is the P-module composed of all vectors (a,-; i£A) with elements in P such that only a finite number of the elements in each vector are different from zero. Addition is ordinary vector addition. The total matric algebra of order n2 over P is denoted by 3)ln-If A is an element of 3J?", and rj is an element of the total vector space 93» of order n over P, then Arj (considering 77 as an »X1 matrix) is again an element of 23n-Thus A is an operator of 33", and SD?« is the total operator domain of 3?".
A total operator domain exists for 2, and is equivalent to the ring Tlu below.
Definition 6.2. 9UW is the set of all matrices (ar,; r, s£A) over P with the property that the vectors (ar,; r£A) are in a for all s£A. The author intends to deal at greater length in a subsequent paper with matrix algebras of different order types. However, a matrix algebra of order type w2 will be considered briefly here.
Denote the ordered set (1, 2, • • • , co + 1, w+2, • • • ) of type w2 by A2.
Let H2 be the P-moduIe composed of all vectors (a*; i£A2) over P, with only a finite number of the elements of any vector being different from zero.
3)cws is the ring of all matrices (ars; r, s£A2) over P with all (or8; r£A2) in E2.
Let 5/ be the element of E2 which has 1 in the ith place and 0 elsewhere, i£A2. Then (5/ ; i£A2) is a proper P-basis of E2. 
